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We address three genuine phantom dark energy models where each of them induces the particular future
events known as Big Rip, Little Rip and Little Sibling of the Big Rip. The background models are fully de-
termined by a given dark energy equation of state. We first observationally constrain the corresponding model
parameters that characterise each paradigm using the available data of supernova type Ia, Cosmic Microwave
Background and Baryonic Acoustic Oscillations by using a Markov Chain Monte Carlo method. The obtained
fits are used to solve numerically the first order cosmological perturbations. We compute the evolution of the
density contrast of (dark) matter and DE, from the radiation dominated era till a totally DE dominated universe.
Then, the obtained results are compared with respect to ΛCDM. We obtain the predicted current matter power
spectrum and the evolution of fσ8 given by the models studied in this work. Finally, the models are tested by
computing the reduced χ2 for the “Gold2017” fσ8 dataset.
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2I. INTRODUCTION
It is well known that the expansion of our Universe is accelerating. This fact was observationally supported firstly in 1998
by the measurements of supernova type Ia (SNIa) [1, 2] and then, corroborated by measurements of the Cosmic Microwave
Background (CMB) and Baryonic Acoustic Oscillations (BAO) [3]. On the other hand, the history of the expansion reveals
that the transition to an accelerated state happened recently [4, 5]. The origin of the matter that induces the current speed up of
the Universe is still unknown and it is usually dubbed dark energy (DE) [6, 7]. In addition, the contribution of DE to the total
energy density of the Universe is roughly 70% [3, 4], so the hidden source that causes the current acceleration of the Universe
covers a significant portion of the total energy budget. We do not know much about the fundamental cause of dark energy.
However, there are phenomenological models that can describe suitably the current expansion of the Universe. Amazingly,
the cosmological constant suggested by Einstein, in principle, to get a static Universe, becomes nowadays the paradigm that
better fits the observational data. The model, which also takes into account the contribution of dark matter (DM) was coined
as ΛCDM. This model is characterised by having an Equation of State (EoS) parameter for dark energy which is constant and
equal to −1, in such a way that the asymptotic evolution leads to a de Sitter Universe. Despite that the ΛCDM model gives the
best observational fit, there is no reason to exclude other models that could describe as well suitably the current acceleration. In
addition, the ΛCDM model suffers from some fine tuning problems.
It can be said that the problem has become the problem of the century for cosmologist. The urge to reveal this intriguing
fact has motivated a vast amount of works trying to explain the recent speed up of the Universe. In this way, several models that
can induce a positive acceleration have been suggested. We can classify them in two groups: (i) quintessence models which are
those that preserve the null energy condition, i.e. 0 ≤ ρ + p , in such a way that the EoS parameter is always larger than −1.
(ii) phantom models where the null energy condition is violated and the EoS parameter can go below −1 [8, 9]. Surprisingly,
phantom models are not excluded, but even seem to be favoured by observations [5, 10, 11].
On the other hand, the discovery of an accelerated Universe has opened the door to theorise about an infinity of possible
doomsdays, where the universal acceleration is so powerful that the Universe ends ripping itself in a dramatic state. Those
events are named and classified as singularities or abrupt events depending if they occur at a finite or an infinite cosmic time,
respectively. In particular, we will focus on three genuine phantom models, where each of them induce a specific doomsday
known as Big Rip (BR) [9, 10, 12–17], Little Rip (LR) [18–26] and Little Sibling of the Big Rip (LSBR) [27, 29, 30]. While a
BR is a true singularity, we highlight that a LR and a LSBR are abrupt events. However, in all these models the bound structures
will be ripped apart unavoidably sooner or later. In this scenario, the energy density could increase up to the Planck scale, where
quantum effects are expected to be important. This has lead to carry a quantum analysis close to the cosmological singulari-
ties/abrupt events, where the classical singularity could be avoided in the quantum realm [31–44] (see the recent review [45]).
In this work, we allude to the models that induce these events as model A, B and C, respectively. In particular, the model A is
actually the model known as wCDM, where its EoS parameter is constant and less than −1. The corresponding model parame-
ters were observationally constrained in [4, 5, 46]. On the other hand, the model B was constrained in [24], where the authors fit
observationally the model parameters and compute when different bound structures are destroyed. However, the model C has not
been observationally constrained so far. All these models need to be compared and fitted with the available observational data.
In addition, the cosmological perturbations have been a useful tool for cosmologist in this task, for example, they predict the
matter distribution that can be compared with the observations. The predicted observables within the cosmological perturbations
theory have been widely used to test several models of DE, as well as DE-DM interacting models and f(R) modified gravity.
In the models studied in [47–50], it is assumed a dependence of the scale factor with cosmic time. In [47] the authors
disregard DE perturbations and the predicted evolution of the growth rate is compared with observations. In [48, 49], DE and
DM perturbations are considered. These models are suitable to describe the Universe from the matter dominated epoch till the
present time. In addition, most of them predict future singularities or abrupt events. In [51] the authors compute the matter
and DE perturbations and fit the results with the observational data. In [52] a mixture of phantom and standard fluids is studied
in order to analyse the instabilities arisen at the perturbative level. Some instabilities merge when dealing with a negative
EoS parameter of DE fluids. To avoid such instabilities, in [53, 54] the authors suggest a decomposition of the pressure in
its adiabatic and non adiabatic contributions. In [55] this method is applied and initial conditions are imposed at the radiation
dominated epoch. On the other hand, in [56] the authors analyse the effects of non adiabaticity on the growth rate for several DE
models and compute the observable fσ8.
There are other interesting models of DE that have been studied within the framework of cosmological perturbations. In [57]
the authors obtain the growth rate in the framework of a scale invariant theory. The initial conditions are set at a matter dominated
epoch and they compute the resulting perturbations for a range of different backgrounds. The DE-DM interacting models are
useful to describe a transition to an accelerated Universe [58–60]. In [58] the authors focus on computing the anisotropies of the
CMB and find a particular footprints of the model studied. In [59], models arising from the scalar-fluid theories with a derivative
coupling are analysed. The authors compute the perturbations and predict particular footprints on the growth rate. On the other
hand, in [60] the authors study the perturbations for a model where a DM superfluid is assumed to be responsible of the current
acceleration. Such superfluid consists on a combination of the ground and excited states of DM. The obtained expansion history
and growth rate are compared with that given by ΛCDM.
3A large class of modified gravity models have been studied. For example, in [61, 62] the authors consider different f(R)
models with a non vanishing anisotropic stress tensor. The impact of the EoS parameter in several perturbation variables is stud-
ied and the predicted anisotropies on CMB are faced against observations. In [63] the authors not only constrain observationally
the background model but also compute the resulting perturbation variables such as the Bardeen potentials and fσ8.
On the other hand, the cosmological perturbations are useful to constrain further observationally DE models. For example,
in [50] the scale dependent DE perturbations are studied for different DE models where some future singularities are involved.
The authors find the possibility to distinguish different DE models in the oncoming missions as DESI, Euclid, and WFirst-2.4.
In [64] the authors constrain observationally a DE scalar field representation in the so called bound DE model.
The most considered observational probes of dark energy are SNIa, BAO and CMB. SNIa describe the expansion history of
the universe by means of luminosity distances. BAO have been also developed and provides a direct measurement of the Hubble
rate, H(z), and the angular diameter distance. CMB provides distance priors which are a strong constraint on DE. In order to
avoid degeneracy in the observational data, a tighter constraints on the model parameters are obtained by combining all of SNIa,
CMB, BAO and measurement of H0, i.e. the current value of the Hubble rate. In addition, since the observational data are
obtained from independent cosmological probes, their total likelihood is the product of each separate likelihoods.
In this work, we focus in two goals. The first one consists on constraining observationally model parameters that are charac-
terised by models A, B and C using, for consistency, the same samples of data. Indeed, We compare and classify these models
with respect to the ΛCDM and test their consistency to the observational data. In order to obtain the best fit parameters, their
mean values and their uncertainties, we confront our DE models by means of a Markov Chain Monte Carlo (MCMC) method
to the observational data. We use the Union2.1 compilation as a SNe Ia dataset [65], the Planck 2015 distance priors of CMB
[66], the BAO including (6dFGS+SDSS7+BOSS-WiggleZ) [67, 68] and the direct measurement of the Hubble constant [69]
as the observational probes. For the second goal, we will use the previous best fit parameters to compute the first order linear
perturbations and analyse the distribution of matter during the different cosmological epochs. The aim is to analyse the footprints
that these models could leave on the distribution of galaxies. Indeed, we compute the predicted matter power spectrum and the
evolution of fσ8 quantity at low redshift. This fσ8 evolution is faced against a second and independent set of observations
(matter power spectrum and fσ8 data set). For consistency, aside from the models A, B and C, we compute as well the results
for the ΛCDM setup, which we use as a pattern to compare with the other three models.
The paper is organised as follows: In section II, we discuss the details of the different data. In section III, we introduce the
background of the different models under consideration. In section IV, we show the obtained results for the model parameters
with their confidence levels and contourplots. In section V, we briefly introduce the linear cosmological perturbation theory
together with the used initial conditions for the perturbation. In section VI, we compute the evolution of the perturbation
variables and the predicted matter power spectrum and fσ8. Finally, in section VII, we discuss our main conclusions.
II. DATA DESCRIPTION
A. SNe Ia data
We have used the Union2.1 compilation as a SNe Ia dataset, they are made of 580 Type Ia Supernovae distributed in the
redshift interval 0.015 < z < 1.414. The dataset obtained from the Supernovae project provide for each supernovae its distance
modulus µ(zi) and the covariance matrix with the statistical and the systematic errors [65]. The distance modulus expression is:
µ(z) = 5 log10 dL(z) + µ0, (2.1)
where µ0 term is a nuisance parameter which contains the value of Hubble constant at present, H0, and the absolute magnitude.
The dimensionless luminosity distance, dL, has the following expression:
dL(z) = (1 + z)
ˆ z
0
dz′
E(z′)
, (2.2)
where E(z) = H(z)/H0 is the normalized Friedmann equation which encodes DE models. To estimate cosmological parame-
ters, we compute the chi-square,χ2. For SNIa, χ2SN is constructed as
χ2SN = (µobs − µth)T.C−1SN.(µobs − µth), (2.3)
where (µobs − µth) is the difference vector between the model expectation and the observed magnitudes and CSN is the
covariance matrix. In order to get rid of the nuisance parameter µ0, we perform an analytical marginalization over it. Then the
new χ2SN becomes [70]
χ2SN = A + ln
C
2pi
− B
2
C
, (2.4)
4where A = (µobs − µth)T.C−1SN.(µobs − µth), B = (µobs − µth)T.C−1SN.1 and C = 1T.C−1SN.1 being 1 the identity matrix
(580×580),
B. CMB data
The power spectrum of CMB affects crucially the physics, from the decoupling epoch till today. These effects are mainly
quantified by the acoustic scale la and the shift parameter R given by [71]
R ≡
√
ΩmH20 (1 + zCMB)DA(zCMB), (2.5)
la ≡ (1 + zCMB)piDA(zCMB)
rs(zCMB)
. (2.6)
where zCMB is the redshift at the decoupling epoch, DA(zCMB) is the angular diameter distance of photons in a flat Friedmann-
Lemaıˆtre-Robertson-Walker (FLRW) universe expressed as
DA(z) =
1
H0(1 + z)
ˆ z
0
dz′
E(z′)
, (2.7)
and rs(z) is the comoving sound horizon given by
rs(z) =
1
H0
ˆ a
0
da′
a′E(a′)
√
3(1 + R¯b)a′
, (2.8)
where a = (1 + z)−1 is the conversion rule from the redshift to the scale factor and Rb = 31500Ωbh2(TCMB/2.7K)−4, with
TCMB = 2.275K [72]. The redshift at decoupling is given by the fitting formula [73]
zCMB = 1048[1 + 0.00124(Ωbh
2)−0.738][1 + g1(Ωmh2)g2 ], (2.9)
where
g1 =
0.0783(Ωbh
2)−0.238
1 + 39.5(Ωbh2)0.763
, (2.10)
and
g2 =
0.56
1 + 21.1(Ωbh2)1.81
. (2.11)
The CMB covariance matrix is given by
(CCMB)ij = (C
Norm
CMB )σiσj, (2.12)
where σi = (0.090, 0.0048, 0.00016). The normalized covariance matrix can be written as
CNormCMB =
 1.0000 0.3996 −0.31810.3996 1.0000 −0.6891
−0.3181 −0.6891 1.0000
 . (2.13)
Finally, the CMB contribution to the total χ2 is
χ2CMB = X
T
CMB.C
−1
CMB.XCMB, (2.14)
where XCMB is the CMB parameters vector and reads
XCMB =
 la − 〈la〉R− 〈R〉
Ωbh
2 − 〈Ωbh2〉
 . (2.15)
The mean values and the standard deviation for R, la and the baryon density fraction Ωbh2 are given by [74]
〈la〉 = 301.77± 0.090;
〈R〉 = 1.7482± 0.0048;
〈Ωbh2〉 = 0.02226± 0.00016.
5C. BAO data
The baryon acoustic oscillation is an important observational data currently used to constrain the cosmological parameters
more efficiently in combination with other probes such as the CMB. The information taken from the BAO peaks present in the
matter power spectrum can be used to determine the Hubble parameter H(z) and the angular diameter distance DA(z) which
allows us to calculate DE parameters. The combination of the angular-diameter distance and the Hubble parameter, DV (z), is
given by [75]
DV (z) ≡
[
(1 + z)2D2A(z)
z
H(z)
]1/3
, (2.16)
where the redshift at the drag epoch, zd, is given by the fitting formula [76]
zd =
1291(Ωmh
2)0.251
1 + 0.659(Ωmh2)0.828
[1 + b1(Ωbh
2)b2 ], (2.17)
where
b1 = 0.313(Ωmh
2)−0.419[1 + 0.607(Ωmh2)0.674], (2.18)
and
b2 = 0.238(Ωmh
2)0.223. (2.19)
On the other hand, the χ2 for BOSS-WiggleZ (BW) BAO data is given by
χ2BW = (D¯obs − D¯th)T.C−1BW.(D¯obs − D¯th), (2.20)
where D¯obs is given by [68]
D¯obs z data source
2056 0.57 CMASS-DR11
2132 0.57 cc-BW
2100 0.57 WiggleZ-BW
2516 0.73 WiggleZ-hz
Finally, D¯th(z) = DV (z)
rfids
rs(zd)
with the comoving sound horizon rs given by Eq. (2.8), the fiducial sound horizon [68] is
given by rfids = (149.28, 150.18, 150.18, 148.6) Mpc and the covariance matrix of the BW BAO data reads
C−1BW =
 250.47 −3.48 0.09 0.004−3.48 36.32 −5.67 −4.790.09 −5.67 4.27 −3.26
0.004 −4.79 −3.26 18.90
× 10−5, (2.21)
for the SDSS DR7 BAO distance measurements, the χ2 can be expressed as [77]:
χ2SDSS = (d¯obs − d¯th)T.C−1SDSS.(d¯obs − d¯th), (2.22)
where the d¯obs denotes the observed distance ratio, d¯obs = (0.1905, 0.1097) at redshift points z = (0.2, 0.35),
dth(z) =
rs(zd)
DV (z)
, (2.23)
and the inverse covariance matrix for the SDSS data set is given by
C−1SDSS =
(
30124 −17227
−17227 86977
)
. (2.24)
The χ2 of the 6dFGS BAO data contribution is [67]
χ26dFGS =
(
dth(z)− 0.336
0.015
)2
, (2.25)
in this contribution there is only one data point. The total χ2BAO can be expressed as:
χ2BAO = χ
2
BW + χ
2
SDSS + χ
2
6dFGS. (2.26)
6D. The H0 mesurment
The χ2 function of the direct measurement of the Hubble data H0 can be written as [69]
χ2H0 =
(
100h− 69.6
σ2H0
)
. (2.27)
where H0 = 69.6± 0.7km s−1Mpc−1.
Finally, the χ2tot is the sum of all the χ
2 previously defined:
χ2tot = χ
2
SN + χ
2
CMB + χ
2
BAO + χ
2
H0 . (2.28)
III. DARK ENERGY MODELS
A. WCDM model
A BR singularity labeled in this work as the model A can be induced by a perfect fluid whose EoS parameter is constant and
smaller than -1
pd = wdρd, (3.1)
where wd is the EoS parameter. Therefore, given the previous EoS and using the conservation equation, the energy density
evolves with the scale factor as
ρd(a) = ρd0a
−3(1+wd), (3.2)
where ρd0 is the current value of DE density while at present the scale factor is set to be a0 = 1. Finally, the Friedmann equation
can be expressed as follows
E(a)2 = Ωra
−4 + Ωma−3 + Ωda−3(1+wd). (3.3)
We have redefined the Hubble parameter asE (a) ≡ H (a) /H0, whereH0 is the value of the Hubble parameter at present. In
the same way, Ωr, Ωm and Ωd represent the current fractional energy densities of radiation, matter and dark energy, respectively.
Therefore, once Ωr and Ωm are fixed, the value of Ωd should be settled as Ωd = 1− Ωm − Ωr. As the fit also includes the value
of Ωm, which is model dependent, we have imposed the value of 8× 10−5 to Ωr for all models.
B. LR abrupt event model
This model labeled as the model B, is characterised by inducing a future abrupt event known as a LR. The EoS that relate the
pressure and the energy density can be written as [20, 22]
pd = −
(
ρd + βρ
1
2
d
)
, (3.4)
where B is a positive constant. Using the conservation equation together with the EoS, the energy density in terms of the scale
factor is given by
ρd(a) = ρd0
[
3
2
β√
ρd0
ln (a) + 1
]2
, (3.5)
Then, solving the Friedmann equation, the evolution of the Hubble parameter can be expressed as follows
E2(a) = Ωra
−4 + Ωma−3 + Ωd
(
1 +
3
2
√
Ωlr
Ωd
ln(a)
)2
, (3.6)
In order to get a compact expression for E2(a) we have redefined the dimensionless quantity Ωlr as Ωlr ≡ 8piG/3H20β2.
7C. LSBR abrupt event model
The model C that induces the future abrupt event known as LSBR have an EoS as follows [27]
pd = −
(
ρd +
α
3
)
, (3.7)
As can be seen, this model differs from the widely known ΛCDM model by the parameter A which is a positive constant.
Therefore, using the conservation equation together with the EoS, the energy density evolves with the scale factor as
ρd(a) = ρd0 + α ln (a) . (3.8)
Therefore, after solving the Friedmann equation, we get the evolution of the Hubble parameter in terms of the scale factor
E2(a) = Ωra
−4 + Ωma−3 + Ωd
(
1− Ωlsbr
Ωd
ln(a)
)
, (3.9)
where we have redefined the dimensionless quantity Ωlsbr as Ωlsbr ≡ 8piG/3H20α in order to compactify the notation and present
the results in a simpler way.
IV. BACKGROUND RESULTS
In this section, we present the obtained results for the observational fit. The figure 1, 2 and 3 show the contour plots of the
model parameters corresponding to the model A, B and C, respectively. The numerical results are all gathered in Table I
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Figure 1. These figures correspond to 1σ and 2σ confidence contours obtained from SNIa+CMB+BAO+H0 data for the model A.
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Figure 2. These figures correspond to 1σ and 2σ confidence contours obtained from SNIa+CMB+BAO+H0 data for the model B.
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Figure 3. These figures correspond to 1σ and 2σ confidence contours obtained from SNIa+CMB+BAO+H0 data for the model C.
The criteria methods used in the literature to compare between models are mainly the χredmin and the corrected Akaike Infor-
mation Criterion (AICc) defined as [28]
AICc = −2 lnLmax + 2Np + 2Np(Np + 1)
Nd −Np − 1 , (4.1)
9where Np denotes the number of parameters and Nd denotes the number of data. In the case of Gaussian errors, χ2min =
−2 lnLmax and
AICc = χ
2
min + 2Np +
2Np(Np + 1)
Nd −Np − 1 . (4.2)
In practice, we do not care aboutAICc value itself in models comparison. Actually we are interested to calculate the ∆AICc
between models, i.e, ∆AICc = AICc,model − AICc,min. The model with a minimal value of AICc is more favored by data
and it is chosen as a reference model. Roughly speaking, the models with 0 < ∆AICc < 2 have substantial support, those with
4 < ∆AICc < 7 have considerably less support, and the models with ∆AICc > 10 have essentially no support, with respect to
the reference model. Finally, ΛCDM model is also favoured by the χredmin selection.
In Table I, we show the best fit and the mean values of the parameters. The free parameter vectors when assuming a
flat Universe for ΛCDM, A, B, and C models are respectively θΛCDM = (Ωm, h,Ωbh2), θA = (Ωm, ωd, h,Ωbh2), θB =
(Ωm,Ωlr, h,Ωbh
2) and θC = (Ωm,Ωlsbr, h,Ωbh2). The χ2tot and χ
2
tot
red are also given in the same table. In order to study the
statistical significance of our constraints, we compute AICc and ∆AICc for each model. The values of ∆AICc,A = 0.437,
∆AICc,B = 0.442 and ∆AICc,C = 0.455 are given for the purpose of comparing the models. Given that all the ∆AICc
values are in the range ]0, 2[, this makes the three models A, B and C are substantially supported and competitive to the strongly
favoured model, the ΛCDM.
Model Par Best fit Mean χ2tot χ2tot
red
AICc ∆AICc
ΛCDM
Ωm 0.307707
+0.00164967
−0.00164967 0.307618
+0.00181628
−0.00181628 552.326 0.939330 558.367 0
h 0.696651+0.00720591−0.00720591 0.696341
+0.0072275
−0.0072275
Ωbh
2 0.0223442+0.000124576−0.000124576 0.0223402
+0.000129381
−0.000129381
BR
Ωm 0.3109
+0.00267786
−0.00267786 0.31099
+0.0027135
−0.0027135 550.736 0.938221 558.804 0.437
wbr −1.02588+0.01965241−0.0196524 −1.02687+0.0196291−0.0196291
h 0.696009+0.00716261−0.00716261 0.69604
+0.00714876
−0.00714876
Ωbh
2 0.0221886+0.000157506−0.000157506 0.022192
+0.000160549
−0.000160549
LR
Ωm 0.310831
+0.00185265
−0.00185265 0.311705
+0.00184735
−0.00184735 550.741 0.938229 558.809 0.442
Ωlr 0.000406001
+0.000415557
−0.000415557 0.00078138
+0.00041532
−0.00041532
h 0.695957+0.00729787−0.00729787 0.695945
+0.00729274
−0.00729274
Ωbh
2 0.022204+0.000127163−0.000127163 0.0221582
+0.000127032
−0.000127032
LSBR
Ωm 0.310544
+0.0013845
−0.0013845 0.309375
+0.00137942
−0.00137942 550.754 0.938252 558.822 0.455
Ωlsbr 0.0462647
+0.0130141
−0.0130141 0.0274257
+0.0130152
−0.0130152
h 0.69565+0.00721827−0.00721827 0.696155
+0.007216
−0.007216
Ωbh
2 0.0222073+0.000116134−0.000116134 0.0222647
+0.000115981
−0.000115981
Table I. Summary of the best fit and the mean values of the cosmological parameters.
V. REVIEW ON LINEAR COSMOLOGICAL PERTURBATIONS
In this section we present a brief summary of the theory of linear cosmological perturbations. We just consider scalar
perturbations, therefore, the perturbed metric reads
ds2 = a2
{− (1 + 2Φ) dη2 + [(1− 2Ψ) δij ] dxidxj} , (5.1)
where η is the conformal time, i.e. dη = dt/a. The quantities Φ and Ψ are the Bardeen potentials. The perturbed Einstein
equation reads
δRµν −
1
2
δµνδR = 8piGδT
µ
ν , (5.2)
where the perturbed total energy momentum tensor, δTµν , is the sum of the perturbed energy momentum tensors given by the
different components, i.e. δTµν = δT
µ
rν + δT
µ
mν + δT
µ
dν , where the subscripts r, m, d correspond to radiation, matter and DE,
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respectively. Then, for a given component `, the perturbed energy momentum tensor can be written as [7]
δT 0`0 =− δρ` , (5.3)
δT i`0 =− (p` + ρ`) ∂iv` , (5.4)
δT 0`i = (p` + ρ`) ∂iv` , (5.5)
δT i`j = δp` δ
i
j + Π
i
j , (5.6)
where δρ` is the perturbed energy density, p` is the pressure perturbation, Πij is the anisotropic stress tensor and v` is the peculiar
velocity. We will neglect the anisotropic stress tensor from now on. This leads to the equality between Bardeen potentials through
Eq. (5.2) [7, 78, 79]. So from now on, we will set Ψ = Φ. The perturbed Einstein equations imply as well
Ψ =
3H2
2k2
[3 (1 + w)Hv − δ] (5.7)
Ψx = −3H
2
2k2
[3 (1 + w)Hv − δ]− 3
2
(1 + w)Hv, (5.8)
where the subscript x stands for derivatives with respect to x = ln (a) and k is the wave number. The total quantities as the
total EoS parameter and the total velocity field; noted without subscript, are given by the sum of the partial contributions of each
component as
v =
∑
`
1 + w`
1 + w
Ω`v`, where w =
∑
`
Ω`w`. (5.9)
On the other hand, it is well known that a negative equation of state parameter (which is the case of DE energy) induces
classical instabilities. To avoid such instabilities we decompose the pressure in its adiabatic and non-adiabatic contributions as
[53, 54]
δpd ≡
[
c2sd −H (1 + wd)
(
c2ad − c2sd
) vd
δd
]
δρd, (5.10)
where csd is the speed of sound in the rest frame and cad is the adiabatic speed of sound. These quantities are defined as
c2sd ≡
δpd
δρd
∣∣∣∣
r.f
, c2ad ≡
p′d
ρ′d
. (5.11)
As can be seen, both expressions coincide in the case of a barotropic fluid description with a constant EoS parameter. As it is
common in other works, we set c2sd = 1.
Finally, we consider that each component is conserved separately. This leads to a couple of equations for each cosmic
component. Consequently, we get the following six first order linear differential equations
(δr)x =
4
3
(
k2
H vr + 3Ψx
)
, (5.12)
(vr)x = −
1
H
(
1
4
δr + Ψ
)
, (5.13)
(δm)x =
(
k2
H vr + 3Ψx
)
, (5.14)
(vm)x = −
(
vm +
Ψ
H
)
, (5.15)
(δd)x = (1 + wd)
{[
k2
H + 9H
(
c2sd − c2ad
)]
vd + 3Ψx
}
+ 3
(
wd − c2sd
)
δd , (5.16)
(vd)x = −
1
H
(
c2sd
1 + wd
δd + Ψ
)
+
(
3c2sd − 1
)
vd, (5.17)
All matter perturbations are connected through the quantities Ψ and Ψx. The initial conditions will be fixed as done in [55]; i.e.
(i) we will assume adiabatic conditions for densities contrast and velocities (cf Eqs. (3.20) and (3.21) of Ref. [55]),
δr
1 + wr
=
δm
1 + wm
=
δd
1 + wd
=
δ
1 + w
. (5.18)
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The previous equations lead to write the initial partial density contrasts in terms of initial total density contrast, δi, as
3
4
δr,i = δm,i =
δd,i
1 + wd,i
≈ 3
4
δi , (5.19)
(ii) these conditions will be applied for modes well inside the radiation dominated epoch and outside the horizon and (iii) the
initial total matter density contrast is fixed through Planck data for a single field inflation [4]
δphys =
4pi
3
√
2As
[
k
kpivot
]ns−1
2
k−
3
2 , (5.20)
where As and ns are the amplitude and the spectral index, respectively. We assume As = 2.143 × 10−9 and ns = 0.9681 as
given in Ref. [3]. In addition, the pivot scale is kpivot = 0.05 Mpc−1. Finally, we remind that the matter power spectrum is
defined as [80, 81]
Pδˆm = |δm − 3Hvm|
2
, (5.21)
and fσ8 as
fσ8 =
σ8 (0, kσ8)
δm (0, kσ8)
dδm (z, kσ8)
dx
, (5.22)
where f ≡ d (ln δm) /d (ln a) and σ8 (z, kσ8) is [82]
σ8 (z, kσ8) = σ8 (0, kσ8)
δm (z, kσ8)
δm (0, kσ8)
. (5.23)
The wave number kσ8 is set to kσ8 = 0.125 h Mpc
−1. In addition, σ8 (0, kσ8) corresponds to the current value of σ8. We have
set for all models and parameters σ8 (0, kσ8) = 0.820, in accordance with Ref. [4].
VI. PERTURBATION RESULTS
Before tackling cosmological perturbations of the models introduced in Sec. III, we show how the EoS parameter evolves in
time for the models A, B and C defined in the above mentioned Sec. III. The reason for highlighting wd for these models, is the
important role they play for the initial condition of DE perturbations (cf. Eqs. (3.20) and (3.21) of Ref. [55])
In order to get Fig. 4, we use the best fit parameters values obtained in Sec. IV which are shown in table I. In this figure, the
black line corresponds to ΛCDM, the red line to model A; i.e. a constant EoS and smaller than −1, and leading to a BR, the
green line to model B; i.e. the one leading to a LR, and the purple line to model C; i.e. the one leading to a LSBR.
We next show our results for the evolution of the cosmological perturbations of radiation, DM and DE. We have com-
puted these perturbations for six relevant modes which run from roughly a mode corresponding to the current Hubble horizon
k1 = 3.33× 10−4h Mpc−1 to the largest mode where the linear regime is still valid, k6 = 0.1 h Mpc−1. The six modes are
equidistant in a logarithmic scale as follows
kj = k1
(
k6
k1
) j−1
5
, (6.1)
where i runs from 1 to 6. Therefore, the numerical value of the six modes are
k1 = 3.33× 10−4h Mpc−1, k4 = 1.02× 10−2h Mpc−1, (6.2)
k2 = 1.04× 10−4h Mpc−1, k5 = 3.19× 10−2h Mpc−1, (6.3)
k3 = 3.26× 10−3h Mpc−1, k6 = 1.00× 10−1h Mpc−1. (6.4)
As mentioned on the previous section, the evolution of the perturbations are computed from well inside the radiation dominated
epoch, xi = −13.8, till the distant future, xf = 13, where the DE completely dominates the dynamics of the Universe. We
consider xf large enough to detect relative deviations between the studied models. We next present the main results. The left
panel of figure 5 shows the evolution of the matter density contrast of models A, B and C together with ΛCDM. As can be seen,
there is no significant deviation since all the modes show almost identical evolution. As expected, the matter density contrast of
each mode grows linearly when the mode enters the horizon and reaches it maximum value when DE starts dominating.
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Figure 4. This figure shows the evolution of the EoS parameter of DE, wd, versus x ≡ ln (a) for the model parameters given by the best fit in
table I. The model A corresponds with the red line describing a constant EoS. The model B is represented by the green line while the model C
is shown in purple. The ΛCDM model is presented as a black line at wd = −1.
The right panel of figure 5 shows the evolution of the gravitational potential, Ψ, divided by its initial value, Ψ∗. The results
of the models A, B, C and ΛCDM are plotted together in the figure. Once again, the overlap is almost perfect, except for the
small deviations presented by all the modes at very large scales, we will discuss this feature later on.
|δ m
|k
3 2
Ψ
/
Ψ
⋆
x x
Figure 5. The left panel of this figure shows the evolution of the mater density contrast while the right panel shows the evolution of the
gravitational potential divided by its initial value. Both panels show a perfect overlapping of the results corresponding to the models A, B, C
and ΛCDM. The results corresponding to a given mode are represented by a particular color as follows: k1 (purple), k2 (dark blue), k3 (light
blue), k4 (green), k5 (orange) and k6 (red).
The left panel of figure 6 shows the predicted current matter power spectrum of models A, B, C and ΛCDM. The black curve
corresponds to the ΛCDM model while the models A, B and C are shown overlapped in a single red curve. The overlap is almost
perfect being impossible to distinguish any footprints between these models and ΛCDM. In general, the main behaviour is in
accordance with that found in the literature and gives a suitable description of the current matter power spectrum.
The right panel of figure 6 shows the evolution of fσ8. The results of the models A, B and C are overlapped and appear as
purple curve, while the results corresponding to ΛCDM are in black. There are no significant deviations between models A, B
and C. However, there is some deviation with regards to ΛCDM for z ∼ 0.3 to z ∼ 0.6. This result implies that fσ8 is larger for
phantom DE models as compared with ΛCDM. This result is in agreement with [55, 83].
As can be seen from figures 5 and 6, it is very difficult to distinguish the models A, B and C as no significant deviation
is observed on the matter density contrast and gravitational potential. In view of this, we find convenient to compute relative
deviations with respect to ΛCDM.
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Figure 6. The left panel of this figure shows the matter power spectrum when using the model parameters given table I. The result corresponding
to the models A, B and C are shown overlapped in red, while the black color corresponds to the ΛCDM model. As can be seen, both results
are almost indistinguishable. On the other hand, the right panel of this figure shows the evolution of the fσ8. The evolution corresponding to
the ΛCDM model is shown in black color, while the results given by the models A, B and C are gathered in a single purple curve.
The left panel of figure 7 shows the relative difference with respect to ΛCDM of the matter power spectrum. As can be
seen, all the models show a very similar behaviour, where the largest deviation is around a 2%. The deviation is negative for
the smallest modes and positive for the largest ones, and such a deviation effectively vanishes at k ' 8 × 10−3h Mpc−1. The
right panel of Figure 7 shows the relative difference of fσ8 for the models A, B and C with respect to ΛCDM. Such a deviations
shows a maximum at z ' 0.2 with a value around 1%. The deviation is positive for all the selected range of redshift. Once again,
we obtain very similar plots when comparing the results obtained for the models A, B and C. We find that the largest deviations
correspond to the model A and the smallest one to the model C.
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Figure 7. The left and right panels of this figure show the relative deviation of the matter power spectrum and fσ8 with respect to ΛCDM,
respectively. The colors red, green and purple have been used to plot results corresponding to the models A, B and C, respectively. Both plots
are drawn in a logarithmic scale, where the dashed line is used to denote negative values and the solid line to denote positive values.
Figure 8 shows mode by mode the relative difference of the matter density contrast with respect to ΛCDM. At first glance, it is
remarkable the high similarity between these models. The plots converge in an single curve for most of the relevant modes. The
small deviations presented by these models can introduce tiny deviations on the shape of the matter density contrast evolution,
in such a way that when comparing with ΛCDM, the relative difference changes the sign several times. Those fluctuations when
compared with ΛCDM are present for all the modes. Given that our results are presented in a logarithmic scale, whenever the
density equals the one corresponding with ΛCDM a spike appears on the plot.
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Figure 8. This figure shows, mode by mode, the relative deviation of the matter density contrast of the three models with respect to ΛCDM.
Each color represents a particular model (model A in red, model B in green and model C in purple). The dashed lines represent negative values
while the solid lines denote positive values.
Figure 9 shows the evolution of DE density contrast, where each panel corresponds to a given mode. As the perturbations of
DE into the ΛCDM model vanishes, we do not compare them with the result of our models. The initial values of the perturbations
δd are not significantly affected for different modes, i.e. k. However, they depend on the specific model because the EoS of DE
is model dependent, in particular at x = xi where we start our numerical integrations. Moreover, given that the EoS parameter
for the model C is closer to −1 and it shows the highest density contrast for DE at earlier time (cf. Eq. (5.19)). The model A
presents the opposite behaviour, while the model B shows an intermediate behaviour. This hierarchical behaviour is inverted in
the future, where δd gets larger values for the model A and smaller values for the model C. This transition occurs at very low
redshifts which brings difficulties in distinguishing the different DE models analysed.
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Figure 9. This figure shows the DE density contrast for the models A (red), B (green) and C (purple). Each panel corresponds to a specific
wave-number k.
We have seen that the difference between models are very small. However, we know very well that each model induces a
different and unique abrupt event in the far future. Therefore, we have focused on the evolution of the gravitational potential
at very large scale factors. Figure 10 shows the evolution of the gravitational potential, Ψ, from the present cosmic time to the
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far future for different modes. As can be seen, at present the gravitational potential of all the models are very close to ΛCDM.
However, at some point in the future, the gravitational potential flips its sign and evolves towards a constant negative value.
Within these asymptotic evolutions, model A introduces the highest deviation while model C introduces the smallest one. The
flip on the sign of Ψ occurs sooner in the model A, then in the model B and finally in the model C, independently of the mode.
On the other hand, the smallest is the mode the sooner occurs the sign flip on the gravitational potential.
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Figure 10. This figure shows the evolution of the gravitational potential, Ψ, divided by its initial value, Ψ?. As done in the previous figures,
each panel corresponds to a given value of wave-number while each color represents a particular model (model A red, model B green and
model C purple). The dashed lines denote negative values while solid lines represent positive values. The black dashed lines correspond to the
ΛCDM model.
Finally, and based on the best parameters of table I, we have computed the reduced χ2 for the fσ8 analysis in order to have
a numerical value that could quantify the difference between models. Here, we have used the “Gold 2017” data [84]. This
data provides a set of the latest measurements of fσ8 values (ranging from a redshift z ∼ 0 to z ∼ 1.4) where all samples
are considered as independent. The obtained results are shown in table II. As can be seen, the model A is the model that
more deviates from ΛCDM, followed by the model B and finally by the model C. The best value is still given by the ΛCDM
model, however, among the studied phantom models in this work, the model C is observationally preferred.We notice that the
background classification of the models A, B and C, table I, is not in agreement with that based on the measurement of fσ8.
Model Event χ2
ΛCDM De Sitter 1.02018
A BR 1.08880
B LR 1.08603
C LSBR 1.08044
Table II. This table presents the values of the reduced χ2 for each model. These results have been obtained using a data collection of
independent survey known as “Gold 2017” growth dataset, which values are shown in table III.
Figure 11 shows the evolution of fσ8. The ΛCDM model is plotted in black dashed line while models A, B and C are plotted
in red.
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z fσ8 Survey Ref.
0.02 0.314± 0.048 2MASS [85]
0.02 0.398± 0.065 SNIa + IRAS [86]
0.02 0.428± 0.046 6dF Galaxy Survey + SNIa [87]
0.10 0.370± 0.130 SDSS-veloc [88]
0.15 0.49 ± 0.15 SDSS DR7 MGS [89]
0.17 0.51 ± 0.06 2dF Galaxy Redshift Survey [90, 91]
0.18 0.360± 0.090 GAMA [92]
0.25 0.351± 0.058 SDSS II LRG [93]
0.32 0.384± 0.095 BOSS LOWZ [94]
0.37 0.460± 0.038 SDSS II LRG [93]
0.38 0.440± 0.060 GAMA [92]
0.44 0.413± 0.080 WiggleZ Dark Energy Survey + Alcock-Paczynski distortion [95]
0.59 0.488± 0.06 SDSS III BOSS DR12 CMASS [96]
0.60 0.390± 0.063 WiggleZ Dark Energy Survey + Alcock-Paczynski distortion [95]
0.60 0.550± 0.120 Vipers PDR-2 [97]
0.73 0.437± 0.072 WiggleZ Dark Energy Survey + Alcock-Paczynski distortion [95]
0.86 0.400± 0.110 Vipers PDR-2 [97]
1.40 0.482± 0.116 FastSound [98]
Table III. This table shows fσ8 measurements from independent surveys. The first column denotes the redshift while in the second column
the corresponding value of fσ8 and its error. In the third column, we show the name of survey and in the final column the reference.
f
σ
8
z
Figure 11. This figure shows the evolution of the predicted fσ8 observable versus the redshift, z. The results given by the models A, B and
C are plotted in red color where the overlap is almost perfect. The result given by the ΛCDM model is plotted in black dashed line. We have
included the survey data given in table III with the corresponding error.
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VII. CONCLUSIONS
In this work we have analysed three genuine phantom models. We call those models as A, B and C, where each of them
induces a particular future cosmological event known as a BR, a LR and a LSBR, respectively. These models are characterised by
having a particular EoS, which can be understood as deviations from the widely accepted ΛCDM model and therefore, suitable
models to describe the current Universe. We use SNIa, CMB, BAO and H0 data and the Markov Chain Monte Carlo method to
estimate the cosmological parameters of models A, B and C. We remark that the model C has not been constrained previously.
In the case of the model A, the corresponding model parameter consists on the EoS parameter of dark energy. This value has
been observationally constrained, for example, in [4, 46], where the result given, wd = −1.019, is very close to the one we have
found, wd = −1.025. Similarly, the result obtained for the model B is of the same order of magnitude to that found in [24]
where the relative difference is less than a 6%, this can be understood as an indicative of the reliability of the obtained results.
In addition, we have computed the results of the ΛCDM model as well, in order to make a comparison with the models A, B and
C.
Once we have fitted observationally the parameters of the models, we have computed numerically linear cosmological per-
turbations since the radiation dominated epoch. Therefore, we have not only considered perturbations of DM and DE but also
those of radiation. The numerical calculations have been performed till the far future. In particular, we have obtained the density
contrast of DM and DE and evaluated as well the matter power spectrum of DM and the corresponding evolution of fσ8. We
have as well computed the evolution of the Bardeen gravitational potential. We have confirmed that indeed in phantom DE
models, it is expected that the Bardeen gravitational potential will flip its sign in the future [55, 83]. This is in accordance with
the fact that all the structures will be destroyed in phantom DE models.
Using the values of the best fit (shown in the third column of table I), the matter power spectrum given by models A, B and
C are so similar that it is almost impossible to distinguish them. Something similar happens when comparing the results of fσ8.
In order to give an account of small differences, we compute the relative deviation with respect to ΛCDM and found that the
largest differences are around a 2% for the matter power spectrum and fσ8. The models show a very similar phenomenology
till the present time and future cosmic times. We notice that there are no significant differences that could allow us to find a
characteristic footprint of each model with enough accuracy. In view of this, we compare the predicted fσ8 evolution against
the observational data and compute the reduced χ2. We conclude that the ΛCDM model gives the best fit. However, among the
phantom models studied in the present work, the model C is observationally preferred, followed by the models B and A. We
conclude as well that there is a disagreement between the background and the perturbation classifications. This discordance will
be a subject of a future work.
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